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Introduction

® Safety-critical control seeks to ensure autonomous systems avoid unsafe regions
® Control Barrier Functions (CBFs): construct geometric safe sets; enforce invariance through
gradient-based conditions

® Control Density Functions (CDFs): similar to CBFs, but reasons about divergences

© Are there systems where CDFs simplify safety verification?
® Are CDFs a practical alternative to CBFs for controller synthesis?

2/6



Safety Conditions

Both CDFs and CBFs use p : X — R satisfying:
O p(x) > 0 on the initial set &)
® p(x) < 0 on the unsafe set X,
Q DDF(X) Z 0 or DBF(X) Z Oon X

for CDFs for CBFs

where

Key observation

CDFs and CBFs differ only by the divergence term (V - f) p.
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The Certificate Problem

Divergence term has ambiguous sign (system-dependent):
® Helps when (V - f) p > 0 = CDF easier than CBF
® Hinders when (V - f) p < 0 = CBF easier than CDF

Demonstrated via sum-of-squares programming on two systems:

CDFVv CBF X

CDF X CBFV
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Green: initial set X
Red: unsafe set X,
Blue: trajectories from Xy

Yellow: zero level set of p



Synthesis: CDFs = CBFs?

® Goal: find u* that minimally modifies uyf

® For CBFs, it easy to formulate a QP; can we do
something similar for CDFs?

® Divergence introduces % = QP hard to form

® Restrict to polynomial controllers u(x) = Q(x)b:
b*(x) = argmin 1QG)b — ures(x)|1* + 3151

st. d(x)"b+c(x)>0.

® b*(x) is state-dependent = CDF condition is not
satisfied in general
® On the boundary 80X, p(x) =0, so Dpg(x) = Dgr(x)
o Safety follows from Nagumo-style CBF arguments single-integrator: xo (blue), xr (green), X,
(red).

Polynomial CDF controller for a
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Conclusion

® CDFs and CBFs differ only by (V - f)p; sign ambiguity
complicates safety verification

® CDF synthesis reduces to the same conditions as CBFs in
practice

® Density functions may help with verification, but are unlikely
to simplify controller synthesis

Are Control Density Functions Practical?

For safety verification: possibly. For controller synthesis: probably not.
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